We investigate the pinning and de-pinning condition of a kink in both homogeneous and inhomogeneous reaction-diffusion media. We show that structural inhomogeneities hinder information propagation whereas noise enhances propagation.
Introduction
Reaction-diffusion equations arise in many fields of physics, chemistry and biology [Murray (1989) ]. In recent years, a considerable attention has been devoted to these systems in the interdisciplinary field of neuro-science since reaction diffusion equations can model the behavior of nerve fibers and cardiac tissues. In this paper, we focus our study on the Nagumo equation expressed here in its discrete form [Nagumo et al. (1962) 
where D represents the intercellular coupling and f (u n ) = −u n (u n − a)(u n − 1) represents a cubic on-site nonlinearity.
For weak couplings below a critical value D * , propagation fails which may induce fatal consequences in the field of cardiophysiology [Keener (1987) ]. Various studies have attempt to determine the analytical value of this critical coupling D * which depends on the nonlinearity threshold a [Keener (1987) ; Laplante and Erneux (1992) ; Mitkov (1999) ; Kladko et al. (2000) ; Comte et al. (2001) ]. Figure 1 summarizes the analytical results reported in [Keener (1987) ; Laplante and Erneux (1992) ; Comte et al. (2001) ] (curves (a), (b) and (c) respectively) and the numerical ones obtained with a direct simulation of eq. (1) 
in figure 1, propagation failure is now well understood in non disturbed media. However, cardiac tissues modeled by these reaction diffusion equations are rather inhomogeneous than homogenous and often submitted to perturbation wether random or not, which leads to new conditions for propagation [Kulka et al. (1995) ; Keener (2000) ; Carpio and Bonilla (2001) ]. For instance, propagation failure may also occur in a discrete medium with intercellular coupling D 1 owing to a coupling inhomogeneity D 2 greater than D 1 (that is not necessary lower than D * ) [Mornev O.A. et al. (1991) ; ; ]. By contrast, it has been shown that noise acts against propagation failure in an electrical lattice of modified Chua circuits [Báscones et al. (2002) ] or in an homogeneous Nagumo chain [Morfu (2003) ]. In this paper, we propose to restrict our study to the Nagumo model considering both structural inhomogeneities and noise contribution.
In the second section, we first propose to investigate the effect of a Heaviside type distribution of coupling on the propagation conditions. Then, in the third section, we consider the joint effect of noise and inhomogeneities.
Inhomogeneous medium
In this section, we consider the junction of two homogeneous Nagumo media M 1 and M 2 with respective coupling D 1 and D 2 , the junction being located at the interface site m. This configuration of inhomogeneities can be identified to the works of Wang and Rudy who have investigated action potential propagation in cardiac tissues presenting an abrupt change of the intercellular coupling [Wang and Rudy (2000) ]. They have experimentally shown that propagation fails if the coupling D 2 in the second medium is lower than a critical value D * in f but also if the coupling D 2 exceeds a second critical value D * sup . We propose here to investigate numerically this phenomenon using the Nagumo model. The inhomogeneous Nagumo medium is described by eq. (1) with D = D 1 before the interface (namely for n < m), and with D = D 2 after the interface (namely for n > m), whereas the dynamics of the interface site m is given by
Note that in eq. (2), the term D 1 (u m−1 − u m ) expresses the coupling between the cell of the interface and its neighborhood in the first homogeneous medium, whereas the other term D 2 (u m+1 − u m ) represents the coupling between the interface cell and its neighborhood cells in the second homogeneous medium. For a given coupling D 1 in the first medium, we analyze numerically versus the coupling D 2 in the second medium wether a kink propagating in the first medium overcomes the interface site m or not. The length of the medium is set to 50 and the interface site to m = 25. We find numerically the same behaviour reported by Wang and Rudy, that is the existence of two critical values D * in f and D * sup for the coupling D 2 defining the propagation condition. We perform several numerical simulations of the system using a fourth order Runge-Kutta algorithm with integrating time step dt = 0.01, changing each time the coupling D 2 to estimate by dichotomy the value of the critical value D * sup beyond which a kink is pinned at the interface site m. Using the same methodology, we determine numerically the second critical value D * in f below which the kink cannot overcome the interface. The two critical values are plotted in dotted line figure 2 and provide the range of parameters allowing propagation in an inhomogeneous Nagumo chain with a Heaviside-type distribution of coupling. We have also investigated the propagation failure effect induced by a single inhomogeneity of coupling D 2 in a Nagumo chain with intercellular coupling 
Noisy inhomogeneous Medium
In this section, we numerically investigate the behavior of the previous inhomogeneous Nagumo chain initially in propagation failure condition owing to the interface site m and submitted to a spatiotemporal noise. The equations describing the evolution of such a noisy inhomogeneous Nagumo medium are given by:
where η n (t) is a spatially independent uniform white noise over [− √ 3σ; √ 3σ]. We set the coupling D 1 in the first medium to 0.03. Furthermore, the coupling D 2 in the second medium exceeds the critical value D * sup = 0.036 so that without noise the kink propagating in the first medium cannot overcome the interface site m. We investigate versus the Root Mean Square (R.M.S.) amplitude σ of the spatio-temporal noise η n (t) wether the kink overcomes the interface site m or not. Our simulation results reveals that there exists a minimum amount of noise σ * that allows the kink to overcome the interface site m. This value, represented figure 3 versus D 2 , is estimated by dichotomy for each value of D 2 simulating the system with an integrating time step dt = 10 −2 for a sufficiently long time (namely t = 30000 in our case, that is 3 × 10 6 integrating time steps, which corresponds to 265 wave propagation time scales). 
Conclusion
Considering the discrete Nagumo model, we have numerically shown that the presence of structural inhomogeneities can hinder information propagation whereas noise can reduce the fatal consequences of these inhomogeneities. We think that this result could be extended to other distributions of inhomogeneities wether periodic or not and could concern also other parameters of the medium presenting inhomogeneities like the threshold of the nonlinearity a. In fact, this work extends to inhomogeneous media the property of noise enhanced propagation usually observed in an homogeneous medium [Lindner et al. (1998) ; Löcher et al. (1998) ; Morfu (2003) ]. Endly, we think that this work could be useful in better understanding cardiac tissue behaviour and could also have potential applications to many clinical problems such has why atrial ablation fails.
